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Abstract. We study the regularity of solutions to complex Monge- 
Ampere equations (dd'^u)" — fdV, on bounded strongly pseudoconvex 
domains Q C C. We show, under a mild technical assumption, that 
the unique solution u to such an equation is Holder continuous if the 
boundary values are Holder continuous and the density / belongs to 
L''{Q,) for some p > 1. This improves previous results by Bedford- Taylor 
and Kolodziej. 
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Introduction 

Let i7 be a bounded strongly pseudoconvex open subset of C". Given 
(f) G C^{dQ) and / E L^(0), we consider the Dirichlet problem 

( ue PSH{n)nc^m 

MA{n,(j)J) : < u = (j)ondn 

( [ddf^uY = //3„ in VL. 

Here /?„ = dV denotes the euclidean volume form in C", d = d + d, d'^ = 
i{d — d), PSH{Q) is the set of plurisubharmonic (psh for short) functions in 
O (the set of locally integrable functions u such that dd^u > in the sense of 
currents), and {dd^ •)" denotes the complex Monge- Ampere operator: this 
operator is well defined on the subset of bounded (in particular continuous) 
psh functions, as follows from the work of E.Bedford and A.Taylor [BT 2]. 
We refer the reader to [K 4] for a recent survey on its properties. 

The equation MA{Q, (j), /) has been studied intensively during the last 
decades. Let B{Q,(p,f) denote the family of subsolutions to MA{Q,(p,f), 
i.e. the set of bounded functions v that are psh in with v < (p on di^ 
(i.e. limsup^^^ v(C) < (t>{z) when z G d^}) and (dd^t;)" > in Q. It 
follows from the comparison principle [BT 2] that if a solution exists, it 
must coincide with the Perron-Bremermann envelope, 

u{z) = u{n,(l)J){z) := snp{v{z) / V eB{n,^,f)}. 

It follows from the works of H.J.Bremermann [Br], J.Walsh [W] and 
E.Bedford-A.Taylor [BT 1] that u{n, (p, f) is indeed a solution to MA{n, (p, f) 
when / E C'^(i7). S. Kolodziej has further shown in [K 2] that the solution 
m(Q, (/>, /) is still continuous when / G LP{Q), for some p > 1 (it is easy to 
check that n(0, (j), f) is not necessarily locally bounded when the density is 
merely in L^(J7)). 

Higher regularity results have also been provided. E.Bedford and A.Taylor 
showed in [BT 1] that if </> G Lip2ai^) and /^/" G Lipa{Tl), then u{0,, 0, /) G 
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Lipa{Q.). The smoothness of the solution (assuming smoothness of (j) and 
/ > 0) is estabhshed in [CKNS]. Our aim here is to estabhsh Holder- 
continuity of u{Cl, (/),/) in the spirit of [BT 1], only assuming the density 
/ belongs to 1^(0), p > 1, as in [K 2]. Our main result is the following: 

Theorem A. Assume f G U'{^), for some p > 1, and (f) G Lip2a{d^), with 

Vu{n,(p,0) G L'^in). Then 

u{Q,(p,f) G Lipa'{i^), for alia' < min(a, 2/[gra + 2]), 
where 1/p + 1/q = 1. 

The condition \/u{^l, (p, 0) G L'^{0,) is automatically satisfied if ^ G C^'^ (d^l): 
in this case u{n,<p),0) G Lipi(i7), hence V«(ri,0, 0) is actually bounded in 
Q (see [BT 1]). What really matters here is that there should exist a subso- 
lution V G B{^,(j),0) such that Vv G L^(ri). This implies (see Lemma 3.1), 
that u{^, 0,0) and u{Q., (p, f) both have gradient in L^(ri). 

We could not avoid the use of this extra (technical ?) hypothesis on 
the homogenous solution n(J7,(/>,0). Also the exponent a' is probably not 
optimal. We can get a better exponent by assuming that Au(r2, i^, 0) has 
finite mass in Q (this is automatically satisfied when (p G C'^{dQ)). 

Theorem B. Assume f G L^'(Q), for some p > 1, and (p G Lip2a{dVt) is 
such that that A'u(J7, (p, 0) has finite mass in Q. Then 

u{Q, (p, f) G Lipa"{'^), for all a" < min(Q;, 2/[qn + 1]), 

where l/p+ 1/q = 1. 

The exponent a" is not far from being optimal as Example 4.2 shows. 

1. The stability estimate 

Our main tool is the following estimate which is proved in [EGZ] in a 
compact setting (under growth - but no boundary - conditions, see Propo- 
sition 3.3 in [EGZ]). A similar - but weaker - estimate was established by 
S.Kolodziej in [K 3]. 

Theorem 1.1. Fix < / G LP{^), p > 1. Let ip^ip he two hounded psh 
functions in such that (dd'^ip)^ = f (5n in fi, and >ip on dQ. Fix r > 1 
and < 7 < r/[nq + r], 1/p + 1/q = 1. Then 

sup(V' - V^) < C||(max(V.' - ip,0)\\l,^^y 

for some uniform constant C = C(7, ||/||LP(f7), ||^||l°°) > 0. 

The proof follows closely the one given in [EGZ], so we only recall the 
main ingredients, for the reader's convenience. The estimate is a simple 
consequence of the following result. 

Proposition 1.2. Fix f G LP{^), p > 1, and let ip,ip he bounded psh 
functions in Q such that ip > ip on dO,. If {dd'^ip)'^ = fPn, then for all 
£ > 0,r > 0, 

sup(V' -ip) <e + C [Cap{ip -ip < -e)Y , 
n 

for some uniform constant C = C{t, ||/||LP(n))- 
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Here Cap(-) denotes the Monge- Ampere capacity introduced and studied 
by E.Bedford and A.Taylor in [BT 2]. Recall that for K C 

Cap(K) := sup I j {d(fvY /vE PSH{Q.) with - 1 < -u < 

The proposition is a direct consequence of the following three lemmas: 

Lemma 1.3. Fix (p,ip e PSH{n) n L°°(0) such that Iim^^9n(¥' - V') < 0. 
Then for all t,s > 0, 

r Cap{<p - V < -s - i) < / (ddV)"- 

Lemma 1.4. Assume < / G p > 1. Then for all t > 1, there 

exists Cr > such that for all K C il, 

0< / fdV <Cr[Cap{K)Y . 
Jk 

When {ckFipY^ = fdV, one can combine Lemma 1.3 and Lemma 1.4 to 
control Cap((^ — < —s) by Cap((/? — 'il) < —s — t)Y . This has strong 
consequences since r > 1, as the following result shows, when applied to 
g{t) = Cap(yj -4^<-t- e)V'»: 

Lemma 1.5. Let g : —>■ M"*" be a decreasing right- continuous function. 
Assume there exists t,B>1 such that g satisfies 

H{a,B) tg{s + t)<B[g{s)Y,y8,t>0. 

Then there exists Soo = SooiT, B) € such that g{s) = for all s > Soo- 

One word about the proofs. Lemma 1.3 is a direct consequence of the 
"comparison principle" of E.Bedford and A.Taylor [BT 2] (see [K 4] p. 32 
for a detailed proof). Using Holder's inequality, one reduces the proof of 
Lemma 1.4 to showing that the euclidcan volume is bounded from above by 
the Monge- Ampere capacity. One can actually show that 

Vol{K) < exp[-C7ap(K)-^/"] (see Theorem 7.1 in [Z]), 

which is a much better control than what we actually need. The last lemma 
is an elementary exercise, whose proof is given in [EGZ], Lemma 2.3. 

2. Holder continuous barriers 

For fixed 6 > we consider ^Ig := {z Q / dist(z, dQ) > 6} and set 

us{z) := sup u{z + Q, z E Qs- 
IICII<<5 

This is a psh function in Qg, when u is psh in f2, which measures the modulus 
of continuity of u. We would like to use Theorem 1.1 applied with ^ = u^. 
However ug is not globally defined in f2, so we need to extend it with control 
on the boundary values. This is the contents of our next result which makes 
heavy use of the pseudoconvexity assumption. 
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Proposition 2.1. Let u G PSH{Q) L°°(f7) 6e a psh function such that 
''J'ldn = £ Lip2a{dQ.). Then there exists a family (m5)o<5<5o of hounded 
psh functions on such that us in Q as S \0, with 

~ — j — CS°',u) in Qs 

u in 0,\0,s 

In particular supf^^ \us — us\ < CS" for < d < Sq. 

The proof relies on the construction of Holder continuous plurisubhar- 
monic and plurisuperhamonic barriers for the Dirichlet problem MA{Q, (f>, /): 

Lemma 2.2. Fix (p € Lip2a{d^), f € L'^{Q), p > 1, and set u := u{^,(l),f). 
Then there exists v,w € PSH{Q,) Ci Lipa{^) such that 

(1) v{o = m = -HoyQ^dn, 

(2) v{z) < u{z) < -w{z)yz e n. 

Proof. Assume first that (p = 0. We are going to show that there exists a 
weak barrier bf G PSH{n)r]Lipi{Q) for the Dirichlet problem MA[0, f, O,), 
i.e. a psh function which satisfies 

. (i) 6/(0 = 0, vc G dn, 

• {a) bf < u{O,,0,f), in fl, 

• (m) \bf{z) - 6/(01 < Ci|z - CI, G vc G n, 

for some uniform constant Ci > 0. 

In order to construct 6/, we set uq := u{fl,0,f) and assume first that 
the density / is bounded near dU: there exists a compact subset K C ^ 
such that 0<f<MonQ\K. Let p be a strictly plurisubharmonic 
defining function for fl. Then for A > large enough the function 6/ := Ap 
satisfies the condition (dd'^bf)'^ > Mf3n > f(3n on Q\K. Moreover taking 
A large enough we also have Ap < m < uq on a neighborhood of K, where 
m := minf2 7io. Therefore the function 6/ is a plurisubharmonic function 
on ft satisfying the conditions {dd^hf)^ > (dd'^uo)^ on and bf < uq on 

d{Cl \ K). This implies, by the comparison principle [BT 2], that bf < uq in 
Q.\K, hence in Q.. 

When / is not bounded near dQ, we can proceed as follows. Fix a large 
ball B C C" so that d B C C". Define / := / in O and / = in 
B \ Q. We can use our previous construction to find a barrier function 
b^ G ^^^^(B) n C2(B) for the Dirichlet problem MA(E, 0, /) for the ball B. 
Let h = u{Q, —bf, 0) denote the Bremermann function in 0, with boundary 
values —bj, for the zero density. Since ~bj £ C'^{dQ.), the psh function h is 
Lipschitz in n (see [BT 1]), therefore bf := h + bj G PSH{VL) n Lipi{VL) is 
a barrier function for the Dirichlet problem MA{^, 0, /). 

It remains to construct the functions v,w satisfying (1),(2) above. It 
follows from [BT 1] that the psh functions uip,, ±(p, 0) are Holder continuous 
of order a. We let the reader check that the functions v := u{Q,, (/), 0) + bf 
and w := u{Cl, —(f), 0) + 6/ do the job. □ 

We are now ready for the proof of the proposition. 



HOLDER CONTINUOUS SOLUTIONS TO MONGE-AMPERE EQUATIONS 



5 



Proof. It follows from Lemma 2.2 that 

\u{z) - u(c)| < c\z - cr, vc G dn,yz e n. 

The functions us{z) := sup||^||<5 n(z + C) are psh in Qg. Observe that if 
z G dns and C G C" with ||C|| <S then z + C^dn, hence us - < u{z). 
Thus the functions 

sup{us{z) — Cd°',u{z)} in $7^ 
i( in \ 

are psh and bounded in SI and decrease to u as 5 decreases to 0. □ 



us{z) :-- 



Our construction of barriers allows us to control the total mass of the 
Laplacian of solutions to AIA{Q, cp, /). This will be important in section 4. 

Proposition 2.3. Fix < f e LP{9), p>l, and (/) e Lip2a{d^)- 

Then AM(r2,0, /) has finite mass in Vt. In particular, if I^u{Vt,(l),Q) has 
finite mass in Q,, then An(0, ^, /) has finite mass in Q,. 

Note that A'u(r2, 0, 0) has finite mass in O when (j) G as explained 

in the proof below. 

Proof. Assume first that (f) G C^(ri). Consider any smooth extension of ^ 
and correct it by adding Ap^ A >> 1, in order to obtain a smooth plurisub- 
harmonic extension (j) which is defined in a neighborhood of Q,. Since ^ is a 
subsolution to MA{p., (/>, 0) whose Laplacian has finite mass in $7, it follows 
from the comparison principle that An(J7, 0) also has finite mass in Q. 
Let / be the trivial extension of / to a large ball B containing VL. Let 
G C^(B) be a plurisubharmonic barrier for MAiM, 0, /) (see the proof of 
Lemma 2.2). Then 6/ := u{VL, —6^, 0) + 6^ is a plurisubharmonic barrier for 
MA(J7, 0, /). Its Laplacian has finite mass in $7 since 6j is smooth, so it 
follows from the comparison principle that A'u(f2,0, /) has finite mass in f2. 

Set now V := u{yt, 0, /) + u(Q., 0, 0). This is a plurisubharmonic function 
in such that u = on and {dcFv)'^ > fdV in $7. If A'u(f2, ^, 0) has 
finite mass in then A-y has finite mass in hence A'u(J7, ^, /) also has 
finite mass in □ 

3. Gradient estimates 

This section is devoted to the proof of Theorem A. Let u = u{Q., (j), f) be 
the unique solution to the complex Monge- Ampere equation 

{dd^uY = fPn in n, 

with boundary values u = 4> Lip2a{dQ). Since / G LP{Q), p > 1, it follows 
from [K 2] that u is a continuous plurisubharmonic function. Our aim is to 
show that u is Holder continuous. 

Let Us be the functions given by Proposition 3.1. The stability estimate 
(Theorem 1.1) applied with r = 2 yields 

sup(u5 — u) < Ci(5" + sup(u5 — u) < Ci(5" + (7211^5 — 'u||T2ro -i' 

for 7 < 2/(n(/ + 2), l/p+ 1/q = 1. It remains to show that \\us — it||x,2(f2^) < 
C4S to conclude the proof. 
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It will be a consequence of Lemma 3.1 below that Vn G L^(r2). Assuming 
this for the moment, we derive the desired upper-bound on \ \us — u\\L2(^^^y 
Averaging the gradient of u on balls of radius S yields, for all ||C|| < S, 

^ r \l/2 

\u{z + 0-uiz)\''dV{z)j <6\\Vu\\L2^ay 

By Choquet's lemma, there exists a sequence (j, \\Cj\\ < S, such that us = 

(supj Uj)*, in Qg, where Uj{z) := u{z + Q). Since Uj — u < ug — u, it follows 
from Lebesgue's dominated convergence theorem that 

. . X 1/2 

/ \us{z)-u{z)\^dV{z)] <(5||V^|U2(n). 

Jqs / 

This ends the proof of Theorem A up to the fact, to be established now, 
that u has gradient in L^(0). 

Since u is plurisubharmonic and continuous, Vn G Lf^^{0.). It follows 
from Lemma 3.1 below that Vu G as soon as u is bounded from 

below by a continuous psh function v such that v < u in J7, v = u = (f) on 
dVt, and G L^(r2). Our extra assumption in Theorem A precisely yields 
such a function v. Indeed set v := u{^l, 0, 0) + 6/, where 6/ is the psh barrier 
constructed in the proof of Lemma 2.2: this is a psh function such that 

• v = <p + = uon dQ; 

• {dd'^v)'' > {dd^bjY > fPn in thus v < u in n- 

• V?x(O,0,O) G L\n) and V6/ G L°°{n), hence Vv G ^^(Q). 

It is easy to check that Vu{n, 0,0) G L°°{n) C L'^i^) when (f) G C'^{dn). 
We refer the reader to [BT 1] for a proof of the more delicate result that 
this stih holds when cp G C^'^{dn). 

Lemma 3.1. Let u,v e PSH{n) n such that v < u on ^ and v = u 

on dQ. Then du A d^u A cj""^ < J^dv A d'^v A o;""^. 

Proof. First assume that u = v near the boundary dfl. Then we can ap- 
proximate by smooth plurisubharmonic functions us [ u and vs [ v with 
us < vs on ^},s and us = ■u^ in a neighborhood of d^^, for < (5 < £ and e 
small enough. Integrating by parts, we get 

/ dvs A d%s A w""^ = / vsd^vs A oj"~^ - / vgdd^vs A a;"~^ 

Since i;^ = us on a neighbourhood of (9i7e we conclude that vsd'^vs = usd'^us 
on this neighbourhood and then using again integration by parts we get 



/ 

Jn 



dvsAd'^vsAio"- ^ = / dusAd^usAu"' ^+ / {usdd''us-vsdd''vs) Au"' ^ 



He 

On the other hand, since vs = us on a neighbourhood of we conclude 
that vs A d'^us = us A d'^vs on this neighbourhood and then 



/ usdd%s — vsdd'^us) A a;" ^ = / {usd'^vs — vgd'^us) A a;" ^ 

{dus A d%s - dvs A d'^us) A = 0. 

n, 



I 
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Therefore 

/ dvs/\(fvsf\u'^'~^ = I dusAd'^usALo"'~^+ / {us—vs){dd'^us+dd%s)/^'^^~^- 
Since vs < us on $7^, we obtain 



/ 

J a. 



dvs Ad'^vs Aoj"' ^ > / dus A d'^us A co"^ ^■ 



Wc know by Bedford and Tayfor's convergence theorem that dvs A d'^vs A 
dv A d'^v A u!^~^. Taking the hmit when 6 \ we get 

I dv Ad^v Au""-^ > f duAd^uAu""-^. 

Taking the hmit when e | we get the required inequahty. 

Now if we only know that u = v, we can define for e > u^ := sup{u — 
£,v}. Then v < u^ on and u^ = v near the boundary of $7. Therefore we 
have for 5 > smaU enough 



Jn Jn 



dv A d% A w""^ > / du, A d%, A uf 



Now by Bedford and Taylor's convergence theorem, we know that du^ A 
d'^Ue A du A d'^u A oj^~^ as e | 0. Therefore we have 

f dv Ad% Auj""-^ > [ (i«Ad%Aa;"-\ 
Jn Jn 

which proves the required inequality. □ 

4. LAPLACIAN ESTIMATES 

This section is devoted to the proof of Theorem B. Wc use the same 
method as above. The finiteness of the total mass of Au(Tl,(f>,0) allows a 
good control (see Lemma 4.2) on the terms us — u, where 

^si^)-=^ I u{OdV{0,ze^s, 

TnO^"^ J\(,-z\<S 

where r„ denotes the volume of the unit ball in C". We shall compare us to 
us in Lemma 4.1 below. 

It follows from the construction of plurisubharmonic Holder continuous 
barriers that the solution u = 0, /) is Holder continuous near the 
boundary, i.e. for (5 > small enough, we have 

(1) u{z) - n(C) < 00(5^^, 

for z, C e n with dist(2, Ofi) < 8, dist(C, dVt) < S and |^ - CI < S. 
The link between us and us is made by the following lemma. 

Lemma 4.1. Given a g]0, 1[, the following two conditions are equivalent. 

(i) There exists So,A>0 such that for any < 6 < So, 

Us — u < AS"' on fls- 

(ii) There exists Si,B > such that for any < S < Si, 

us — u < BS"' on ris. 
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Proof. Observe that ug < us in 17^, hence (i) =^ (ii) fohows immediately. 

We now prove that (ii) =^ (i). We need to show that there exists 
A,So> such that for < (5 < So, 

uj{d) := sup [us{z) - u{z)] < AS"'. 

Fix 6ci > smah enough so that 0^ / for 5 < 36a. Since u is uniformly 
continuous, for any fixed < 6 < Sq, 

z/((5) := sup uj{t)t~"' < +00. 
S<t<5n 

We claim that there exists 6q > small enough so that for any < 6 < 6q, 

uj{6) < A5'^, with A = (1 + 4")co + 2"4'^5 + u{5q), 

where cq is the constant arising in inequality (1), while B is the constant from 
condition (ii). Assume this is not the case. Then there exists < 6 < Sa 
such that 

(2) a;(<5) > AS"". 

Set (5 := sup{t < Sq / 0{t) > At"'}. Then 

(3) 



^i^) >A>^ for ^11 te[6,5n]. 



Since u is continuous, we can find zq G ^Is, Co € ^ with \zo — Co| < s.t. 



u;(5) 



sup 



sup ulw) — u{z) 

weB{z,S) 



u{Co) - u{zo). 



We first derive a contradiction if zq is close enough to the boundary of 

$7. Assume that dist(2;o, 9^2) < 3(5. Take zi G dQ such that dist(2;o, 5J1) = 
dist(2;o, -^i) < 4(5. It follows from (1) that 

a;(<5) = u(Co) - u{zo) = [«(Co) - ^^(^i)] + Hzi) - u{zo)] < [1 + 4"]co<5". 

This contradicts (3). 

Thus we can assume that dist(2:o, dfl) > 36. Fix 6 > 1 so that dist(2;o, dQ) > 
(26 + 1)6. Thus any z eM{(o, h6) satisfies z eM{zQ,[h + l]6), hence z e^^. 
By using inequality (3) with t = bS, we get u{(o) — u{z) < 6"0((5), hence 

(4) u{z) > u(Co) - b'^0{S), for all z e B(Co, b6). 

Observe now that B>{(q, 6) cM{zo,[b + 1]6), hence 

2n 



U{b+i)s(.zo) 



6+1 



°^ + T„(6+l)2-(52n_^ 



udV 



> 



2n 



6+1 
u{Co) - r 



^t(Co) + 



1 



(1 

62" 



(6+l)2"_ 



B(2o,(6+l)5)\B(Co,65) 

n(Co) - b'^uiS)] 



(6 + l)2"_ 

where we have used the subharmonicity of u together with inequality (4). 
Since 'u(Co) = '^(-^o) + 0(<^)) we infer, letting 6^1, 

uisizo) > n(2;o) + 4'-"0((5). 
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We now use assumption (ii), only considering small enough values olS > 0: 
since U2s(,zo) < u{zo) + i?2"(5", we get 

0{6) < 4"2"5(^" < Ad''. 

This contradicts the definition of S, hence we have proved that {ii) =^ (i). □ 

It is straightforward to check that if (i) is satisfied, then u belongs to 
Lipa{^). Thus Theorem B will be proved if we can establish (ii). It follows 
from Theorem 1.1 that is suffices to get control on the L^-average of us — u. 
This is the contents of our next result. 

Lemma 4.2. For 8 > Q small enough, we have 

[ [US{Z) - u{z)]dV2niz) < Cn\\Au\\S\ 

where Cn > is a uniform constant. 

Proof. It follows from Jensen's formula that for z E fis and < r < S, 

I u{z + r^)dS2n-i = u{z) + r / dd% A Pn-i)dt. 

0"2n-l ^1^1=1 ^0 •''|CI<* 

Using polar coordinates we get, for z G fi^, 

Hsiz) - u{z) = ^ r2"-idr t'-^^'i [ dd'u A /3„-i)dt. 

Cr2n-l()^" Jo Jo J\C-z\<t 

Finally Fubini's theorem yields 

/ {us-u)dV2n < a„(5-2" /"V^n-l^^ /■%l-2n( /" ^ f ^^^dt 

Jcig Jo Jo J\C\<t Jci 

< CnS^\\Au\\. 

□ 



This ends the proof of Theorem B since by proposition 2.3, Au = Au{Q., cj), f) 
has finite mass in fi. 

We now give a simple example which shows that one can not expect a 
better exponent than a = 2/nq, for 1/p + 1/^ = 1. 

Example 4.3. Consider u{zi, Zn) := l^il" • ||(-Z25 • • • , 2^n)|P- This is a 

plurisubharmonic function in C" which is Holder- continuous of exponent 
a €]0, 1[. We let the reader check that 

{dd^uY = fdV, with f{z) = l_^^ 9{z2, ■■■Zn), 

\z\ I 

where g > is a smooth density. 

Givenp > 1, / belongs to L|'p^(C") whenever a = £-\-2/nq, for some e > 0. 
This shows that we cannot get a better exponent than 2/nq in Theorems A,B. 
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